Renormalized frequency shift of a Wannier exciton in a one-dimensional system 
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The radiative frequency shift of superradiant exciton in a one-dimensional system is calculated. 
It is shown that a finite frequency shift can be obtained after proper renormalization. The value of 
the shift is inversely proportional to the factor ^ , where A is the wavelength of the emitted photon 
and d is the lattice spacing. 
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Since Dickc proposed the phenomenon of 
superradiance [|, the coherent effect for spontaneous 
radiation of various systems has attracted extensive 
interest both theoretically and experimentally 0, 0- 
In semiconductor systems, the electron-hole pair is 
naturally a candidate for examining the spontaneous 
emission. However, as it was well known, the excitons 
in a three dimensional system will couple with photons 
to form polaritons-the eigenstate of the combined 
system consisting of the crystal and the radiation field 
which does not decay radiatively 4| . Thus, in a bulk 
crystal, the exciton can only decay via impurity, phonon 
scatterings, or boundary effects. 

The exciton can render radiative decay in lower dimen- 
sional systems such as quantum wells, quantum wires, 
or quantum dots as a result of broken symmetry. In 
1966, V. M. Agranovich et al. predicted that the de- 
cay rate of the exciton is superradiantly enhanced by 
a factor of (A/<i) 2 for a 2D exciton-polariton system[5j, 
where A is the wave length of the emitted photon and 
d is the lattice constant of the thin film. First observa- 
tion of superradiant short lifetimes of excitons was per- 
formed by Y. Aaviksoo et al. on surface states of the 
anthracene 0. In the past decades, the superradiance 
of excitons in these quantum well structures has been 
investigated intensively 1 71 Id Id. 1 1 Ol 1 1 lj . For lower dimen- 
sional systems, the decay rate of the exciton is enhanced 
by a factor of X/d in a quantum wire 5j. In the quan- 
tum dots, the decay rate is shown to be proportional to 
R 2 ' 1 ^] which confirms the theoretical Drediction [T3.ll^| . 
In fact, superradiance is accompanied by frequency shift, 
as pointed out in Ref. ^5|- Although the spectrum 
of polaritons in one-dimensional state was studied in 
Refs.|5l ITi|. the radiative correction to the frequency of 
the spontaneous radiation from the Wannier exciton in 
a one-dimensional system has not been displayed explic- 
itly. The reason is that the radiation correction to the 
frequency shift usually contains divergences which have 
to be removed by renormalization. In this paper, we show 
that the radiative frequency shift of the Wannier exciton 
can be properly renormalized in a one-dimensional sys- 
tem. The renormalized frequency shift of the Wannier 
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exciton in 1-D is also superradiatively enhanced due to 
the coherent effect. 

Consider now a Wannier exciton in a one-dimensional 
system with lattice spacing d. We will assume a two- 
band model for the band structure of the system. The 
state of the Wannier exciton with coherent length L c can 
be phenomenologically approximated as 
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exp(i/c z r c )F n (Z), 
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where k z is the crystal momentum on the chain direction 
characterizing the motion of the exciton, n is the quan- 
tum number for the internal structure of the exciton, and, 
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in the effective mass approximation, r, 

... e , 

the center of mass of the exciton. F n (l) is the hydrogenic 
wave function with I + p and p being the positions of the 
electron and hole, respectively. Here m* and m* h are, re- 
spectively, the effective masses of the electron and hole. If 
one neglects the effects of imperfections and scatterings, 
the coherent length in Eq. (1) should become infinite. 

The interaction between the exciton and the photon 
can be written in the form 

H '=J2Y1 D *K*.» b K* c l.n + Hc > ( 2 ) 

k z n q'/c', 

where 
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mc V (q' 2 + k' 2 ) l / 2 dv 



e q'k^ Xk z n 



(3) 



with e q 'fe i being the polarization of the photon. c^ n 
and bq>k> are the operators of the exciton and photon, 
respectively. Eh,n is the exciton dispersion. In Eq. (3), 
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is the effective transition dipole matrix element between 
the electronic Wannier state lo c in the conduction band 
and the Wannier hole state lo v in the valence band. 



2 



Because of the presence of exciton-photon interaction, 
the radiative decay of the exciton is expected to keep 
dual merits of coherent nature in the wire direction and 
superradiant decay perpendicular to the wire. In the 
interaction picture, the state \ip(t)) for the whole system 
composed of the exciton (with frequency shift £lk z n and 
finite decay rate 7 ) and photons can be written as 



\m) 



-«*.»*-i'r»,„* \ kzin . ) + ]T fa-rtK (t) \G; q%) 

q'fcC 

(5) 

where |fc z ,n;0) is the state with a Wannier exciton in 
the mode k z ,n in the linear chain without photons, and 
G;q'fc z ) represents the state in which the electron- hole 
pair recombines and a photon in the mode q ,k' z is cre- 
ated. 

The decay rate and frequency shift can be evaluated 
as 17] 

= 27r E \ D i'K^ n \ *( u q'^t z n) (6) 

q'k' z 



reaches the wavelength A of the emitted photon. This 
is because as L c > A, the superradiant effect becomes 

prominent, and the decay rate should approach ID limit: 

1 2 

.0,^3 Generally speaking, the en- 
hanced factor X/d for perfect ID crystal and (X/d) 2 for 
2D film has a simple physical meaning-it is determined 
by the number of unit cells in the so-called cooperative 
length X. 
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where ujq'k' z k z n = Ej~ zTl /h — cy/ 'q' 2 + k' 2 and V means 
the principal value of the integral. Thus, the Wannier 
exciton decay rate in the optical region can be calculated 
straightforwardly and is given by 
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where ko = Ek zn /Ti = 2ir/X, 



(8) 



J2K(l) J drw c (r-l)(-ih^-)w v (r), 



(9) 



and 



To 
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with 7 being the decay rate of an isolated atom. Fig. 
1 shows the numerical calculations of Eq. (8). As can 
be seen in the figure, the decay rate of the exciton is 
increased with the increase of the lateral size of the exci- 
ton center-of-mass wave function, called the exciton co- 
herent length, and saturates when the coherence length 



FIG. 1: Decay rate of an exciton as a function of co- 
herent length L c . The vertical and horizontal units are 

1 1 2 



3A . 



and A, respectively. In this graph we have 



assumed A = 8000 A and lattice spacing d = 5 A. 

Now let us present our results for the renormalized fre- 
quency shift. For simplicity, let us consider the case that 
the coherent length L c is much larger than the wave- 
length of the emitted photon. Thus, the frequency shift 
in Eq. (7) can be expressed as 



' k z Xn I 



q' 



(k - vY^+fcf) • V^Tfcf 



As can be seen from the above expression, the frequency 
shift suffers from infrared divergence when the denomi- 
nator approaches zero. If one uses the usual procedure 
of mass renormalization in atomic physics, it seems the 
divergence becomes more strongly. To resolve this ques- 
tion, we adopt the method of renormalization for a sys- 
tem of two-level atoms proposed by Lee and Lin^|- I n 
their works, they identified that the frequency shift is the 
radiative level shift and is given by 



(k z , n; 0| H' \G; q'k z ) (G; q'k z \H' \k z ,n; 0) 
hc(k - vY 2 + k 2 ) 



q' 

(12) 

where H' is defined in Eq. (2). On the other hand, they 
also recognized the true radiative correction to the energy 
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level a is 



AE = AE + 



(13) 



where AE is the unrenormalized level shifts, and 8 C is 
the counter-term operator. Assuming the recoil of the 
electron upon emitting or absorbing a photon to be neg- 
ligible, one can make the following identification of the 
operator 



= H 'jh H '- 



(14) 



Therefore, the renormalized result (k z <~ 0) can be ob- 
tained as 



„ _ e 2 hk 
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m era 
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7 dq', (15) 



where the upper limit of integration is cut off at k m , 
which is taken to be the inverse of the electron Compton 
wavelength as usually done in the nonrelativistic cases. 
As one can note from Eq. (15), there is divergent problem 
when q' ~ or q 1 ~ fco- This can be overcome by substi- 
tuting —ifr-J^p by —imcq'r (Ref. |l5j) in Eq. (9) when q' 
is small. It is equivalent to the dipolc-interaction form, 
W ~ r • E. With this treatment, we have 



is roughly equal to the radiative decay rate of a single 
isolated atom. As can be seen from Eq. (19), the renor- 
malized frequency shift is enhanced by the factor of (^) 
in a single quantum wire, while the frequency shift of the 
exciton in a thin semiconductor film is inversely propor- 
tional to the square of the factor k$d [l5j. We then con- 
clude that in low dimensional systems the renormalized 
frequency shift of the superradiant exciton is enhanced 
by the factor of (j^) x , where x is the dimension of the 
system. 

A few remarks about the differences between the pre- 
vious and our works can be mentioned here. Since we 
consider the spontaneous emission of the exciton in the 
resonance approximation, the non-resonant interaction 
between the exciton and free photons has been omit- 
ted. Under this condition, one immediately meets the 
divergent problems both in 2D and ID cases after per- 
forming first order perturbation. In a recent paper by 
V. V. Popov et aL[2(|, the radiative decay of coherent 
polariton modes in a two-dimensional excitonic system 
is analyzed. The authors state their approach is suit- 
able for the examinations of time-resolved spontaneous 
emission. In fact, this is also the case by using our ap- 
proach, where the renormalized procedure is borrowed 
from atomic physics. For 2D systems and in the case 
of normal emission (fen = 0), the finite (renormalized) 
frequency shift from our approach is also superradiant 
enhanced and can be written as 



with 
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, when q' is large 
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where L z is the well width, Ao is the wavelength of the 
emitted photon, d is lattice spacing, and 7 is radia- 
tive decay rate of a single isolated exciton. This value 
agrees well with the V. V. Popov's calculation in L and 
T modes ED 



--jk z L z u) LT , 



(22) 



i 



F*(l) / dTW c (r - it)w v (t). 



(18) 



In general, the wavelength of the photon is much larger 
than the Compton wavelength of the electron. Therefore, 
the renormalized frequency shift can be approximated as 



<v *^0,Ti Tsin p/e ( ^ ^)) 



(19) 



where 



2e 2 Ek^o, n i, ,2 

1 single ~ ~ \KoH n \ 



(20) 



where lolt means the (superradiant-enhanced) coupling 
strength. Since k z is a complex-valued quantity, hence 
the value L z ioi J 'x{\vak z )l1 corresponds to our renormal- 
ized frequency shift /2c where To (5^5) 2 can be viewed 
as the (effective) coupling strength between exciton and 
photons. 

For usual semiconductors, the enhanced factor in Eq. 
(19) is about 10 3 for Wannier excitons in the optical 
range. However, due to the extreme smallness of 7 s ; n9 i e 
itself, observation of £^. e ^ „ in a single quantum wire is 
not expected to be easy. If the decay rate of the exci- 
ton is in the order of ps _1 , the radiative shift is about 
10 _1 meV. To observe the coherent effect, one may in- 
crease the number (N r ) of the wires. If N' parallel quan- 
tum wires (with L c » X) are placed on the same plane, 
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the state of the systems is written 

N' 

|V>(*)> = Yl »(*) b'» **. n 5 °) + S ffe;q'*. (t) \G; q'fc*) , 
3=1 q' 

(23) 

where |j, fc 2 ,n;0) is the state in which the jth wire is 
excited with no photon present, and |G;q'fc z ) represents 
the state in which all wires are unexcited with one photon 
present. When the wires are distributed in equal spacing 
as in a lattice, the solution can be written asp^f 

g 3 (t) = N'- 1 e lpx 'e m{p)t , (24) 
p 

where Xj is the position of the jth wire, and the p vec- 
tor is quantized as usual, obeying the periodic boundary 
condition. The complex frequency w(p) can be obtained 

as 

N' 

w (p) = \ D <i'kzn\ 2 C(uq,kzn) exp[i(q' x -p)x :j }, (25) 

q' j=l 



where the vector q' = (q' x ,q' y ) and the function 
C(^q'fc 2 ri) = V/ujq'k.n - irf^q'tn). One can note that 
from Eq. (23), as Xj — ► 0, the frequency shift fi^. n = 
Rew(p) = N'ilk z n- It means if there are N' parallel 
quantum wires within the cooperative length \(k$Xj — 
?j-Xj « 1), the frequency shift will be enhanced ap- 
proximately by an extra factor of N'— the number of the 
wires. Thus, the total enhanced factor to the frequency 
shift is about N'/(k d) = N'\/(2nd). 

In summary, we have studied the radiative decay of 
the Wannier exciton in a one-dimensional system. It is 
shown that the radiative frequency shift can be explicitly 
calculated after a proper renormalization has been made. 
Similar to its decay-rate counterpart, the renormalized 
frequency shift is superradiatively enhanced by the factor 

of (A)- 
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